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Critical-state model for intermodulation distortion in a superconducting
microwave resonator
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A model is presented for the treatment of intermodulation distortion in a superconducting
transmission line caused by vortex penetration and hysteresis. An analytical framework is
developed, and numerical results are presented for center conductors of both circular and rectangular
thin-film cross section. ©1998 American Institute of Physics.@S0021-8979~98!03510-5#
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I. INTRODUCTION

There is presently considerable interest in the use
high-temperature superconductors~HTSs! in passive micro-
wave devices such as filters for wireless communication1–4

Much of this interest stems from the fact that recent pro
types of HTS filters have shown performance superior
conventional filters by at least an order of magnitude.1,4 This
improvement is due to the lower conductor loss of HTSs
compared with conventional conductors. Lower conduc
loss leads to a larger unloadedQ and, therefore, to a nar
rower bandwidth.

One drawback to the use of HTSs is their nonlinear
This nonlinearity manifests itself in a dependence of the s
face impedance on the input power or transport curr
amplitude.5,6 One consequence of the power dependenc
that the low-power surface impedance is no longer a su
cient figure of merit for the material. Instead, the surfa
impedance must be determined at the specific powe
which the device will be operated.5 Nonlinearities also lead
to two-frequency intermodulation~IM !. The occurrence of
IM in filters can cause various problems such as the gen
tion of spurious targets in radar receivers.5 A good under-
standing of these nonlinear effects must be achieved be
high-quality filters can be constructed from HTSs. Wh
these effects are present even at lower input powers,
become much more pronounced as the power increases
perimental evidence suggests that the nonlinearity is ass
ated with the onset of vortex penetration and hysteresi5,6

Previous modeling of the data has assumed a coupled-g
model at low input power.2,7 This model was successful i
fitting the behavior of both the resistive and reactive
sponses of the surface impedance. At higher power a m
fied Bean model was employed.2 This model was able to
quantitatively explain the power dependence of the surf
resistance. Thus far, models to explain IM in either the lo
power or high-power regions have been lacking.2

The purpose of this article is to provide a model f
describing IM due to quasistatic vortex penetration and h
teresis. We will employ a field-independent critical-sta
model with the assumption thatHc150 ~Bean model!.8 This
should be an excellent approximation when the average
5300021-8979/98/83(10)/5307/6/$15.00
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field is larger thanHc1 . We will also neglect any effects du
to surface barriers.9

II. THE MODEL

We consider a one-dimensional coaxial-type transm
sion line. The outer conductor is a superconducting cylind
cal shell of radiusR. The inner conductor is either a supe
conducting wire of circular cross section with radiusr , or a
superconducting thin-film strip of width 2W and thicknessd
~see Fig. 1!. The input signal contains two closely spac
frequenciesv1 and v2 centered around the resonant fr
quencyv0 . The resulting transport current in the center co
ductor I T is given by

I T~ t !5
I T0

2
@cos~v1t !1cos~v2t !#, ~1!

which can also be written as

I T~ t !5I T0 cos~v0t !cos~Dvt !, ~2!

wherev15v01Dv andv25v02Dv. We assume that for
the circular geometryl!r , and that for the strip geometr
either l,d!W or d,l,L!W, wherel is the London
penetration depth andL52l2/d is the two-dimensional
screening length.10 For the strip geometry we will also as
sume thatR is large enough that the center conductor can
treated as if it were isolated. This turns out not to be ve
restrictive.11–13 These assumptions allow us to use the we
known results for infinitely long, isolated circular wires an
strips.14–16

When I T0 becomes large enough, vortices will start
penetrate into the center conductor from its surface. In
calculations we assume thatHc150 and that there are no
surface barriers, so vortex penetration occurs for allI T0.0.
For the circular geometry the vortices will be closed circu
rings, while for the strip geometry they will be either Abr
kosov (l,d) or Pearl (d,l) vortices. For simplicity we
will neglect any vortex penetration in the outer conduct
We assume that we can treat the vortex motion quasis
cally. This will be done using a critical-state model wi
field-independentJc .14–16
7 © 1998 American Institute of Physics
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The voltage drop per unit length is given by Farada
law

V~ t !5
d

dt
F~ t !, ~3!

where F(t) is the magnetic flux per unit length enclose
between the axis of the transmission line and the outer c
ductor. Therefore, to calculateV(t) we must first determine
the magnetic field generated by the transport current.

The current-density and flux-density profiles may be
termined using the critical-state model. The critical state
the presence of two frequencies is considerably more c
plicated than for a single frequency, but the theoreti
analysis is considerably simplified if we make the assum
tion v0 /Dv5N5 integer. When this is true,I T(t) is peri-
odic with periodT52p/Dv; therefore,V(t) is also periodic
with the same period. We may, therefore, expressV(t) as a
Fourier series

V~ t !5I T0(
n51

`

@Rn cos~nDvt !2Xn sin~nDvt !#, ~4!

where the coefficientsRn andXn are given by

Rn5
Dv

pI T0
E

0

T

dtV~ t !cos~nDvt !, ~5!

and

Xn5
2Dv

pI T0
E

0

T

dtV~ t !sin~nDvt !, ~6!

respectively. Sincev15(N11)Dv and v25(N21)Dv,
the fundamental response will be given by then5N11 and
n5N21 terms in the series. The third-order intermodulati
response, at frequencies 2v12v2 and 2v22v1 , is given by

FIG. 1. The two geometries considered in this paper. The outer conduc
a cylindrical shell of radiusR. The center conductor is either a circular wi
of radiusr or a thin-film strip of width 2W (W!R) and thicknessd. They
axis points into the page.
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the n5N13 and n5N23 terms of the series. The time
averaged dissipated power per unit length is given by

Pdiss5
1

T E
0

T

I T~ t !V~ t !dt. ~7!

Inserting Eq.~1! and Eq.~3! into Eq. ~4! yields

Pdiss5
I T0

2

4
~RN111RN21!. ~8!

Equation~8! implies that the resistance per unit length of t
transmission line is equal to the average ofRN11 andRN21 .
The reactance per unit length is equal to the average ofXN11

andXN21 .
We first consider the circular geometry. In a circul

wire, flux will penetrate in from the surface as circular fron
There will only be one flux front moving at a time. Leta(t)
be the radius of this front~see Fig. 2!. The voltage drop per
unit lengthV(t) is given by

V~ t !5
d

dt F E
0

R

drBf~r,t !G5
da

dt F E
0

R

dr
]

]a
Bf~r,a!G ,

~9!

whereBf(r,t) is the magnetic flux density at radiusr mea-
sured from the center of the wire. The expression for
magnitude of the partial derivative ofBf is given by

U ]

]a
Bf~r,a!U5 H0, r,a,

2m0Jca/r, a,r , ~10!

and the sign is opposite to the sign of the current density
the regiona,r,r . The magnitude ofV(t) is given by

uV~ t !u522m0Jca
da

dt
lnS R

a D , ~11!

is

FIG. 2. Cross section of the center conductor for the circular geometry.
radius of the moving flux front isa. The flux densityBf changes only in the
region r.a. The regionr,a0 is completely screened withBf50 and
Jy50.
t to AIP copyright, see http://ojps.aip.org/japo/japcr.jsp
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and the sign ofV(t) is the same as the sign of the current
the region a,r,r . Therefore, oncea(t) is determined,
V(t) can be calculated with Eq.~11!.

To determinea(t) we must examine the equation

d

dt
I T~ t !50. ~12!

The roots of Eq.~12! are the values oft at which the previ-
ous flux front stops moving and the new flux front starts
penetrate in from the surface. Using Eq.~1! for I T(t) in Eq.
~12! yields a transcendental equation which can only
solved numerically. However, whenN@1, the roots deviate
only very slightly from integer multiples ofp/v0 . Using this
approximation for the roots of Eq.~12! allows us to derive
the expressions fora(t). In order to derive the expression
we divide up the periodT52p/Dv into four equal intervals.
Each of these intervals is then divided intoN/2 equal sub-
intervals. Each subinterval corresponds to a time per
p/v0 . At t50 the center conductor has current-density a
flux-density profiles given by

Jy~r!5 H0, r,a0,
Jc a0,r,r , ~13!

and

Bf~r!55
0, r,a0 ,

m0Jc~r22a0
2!

2r
, a0,r,r ,

m0Jc~r 22a0
2!

2r
, r ,r,R,

~14!

where a05A12F and F5I T0 /I c with I c5pr 2Jc . A new
front begins to penetrate in from the surface att50 and
Downloaded 10 Apr 2001 to 147.155.64.74. Redistribution subjec
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collapses quasistatically toward the center untilt5p/v0 , at
which time it stops at radiusa1.a0 . This new front leaves a
current density2Jc behind it as it penetrates in. At timet
5p/v0 another front begins to penetrate in and leave
current density1Jc behind it. This front stops at timet
52p/v0 and radiusa2.a1 . This process continues untilt
5(N/221)p/v0 , at which time there is a remnant structu
consisting of annular regions with the current density alt
nating between1Jc and2Jc . The outermost annular regio
contains a current density2Jc . At time t5(N/2
21)p/v0 , a new front begins to penetrate into this remna
structure, leaving a current density1Jc behind, and it stops
at time t5(N/211)p/v0 . At time t5(N/211)p/v0 , a
front begins to penetrate in, leaving a current density2Jc ,
and stops at timet5(N/212)p/v0 . This process continue
until t5Np/v0 , at which time the current density is th
same as as in Eq.~13! except with a negative sign. Thi
corresponds to timet5T/2. The same process occurs b
tweent5T/2 andt5T, except that the positive and negativ
current densities are switched. The expression fora(t) is
derived by writing the expression forI T(t) in terms ofa(t)
in each subinterval. The resulting expression for the first
terval 0<t,T/4 is given by

a~ t !/r 5A12
F

2 FcosS mp

N D1~21!m11I T~ t !/I T0G ,
~15!

wherem is the index that labels the subintervals,mp<v0t
,(m11)p, m50,1,...,N/221. The expression forI T(t) is
given by either Eq.~1! or Eq. ~2!. For T/4<t,T/2, the ex-
pressions are
a~ t !/r 55A12
F

2
FsinS mp

N
D 1~21!mI T~ t !/I T0G , ~21!mI T~ t !/I T0,sinS mp

N
D ,

A12
F

2
FsinS ~m11!p

N
D 1~21!mI T~ t !/I T0G , otherwise,

~16!

(N/21m)p<v0t,(N/21m11)p, m50,1,...,N/221. The reason that there are two expressions forT/4<t,T/2 is that the
flux fronts are penetrating through a remnant state. ForT/2<t,3T/4,

a~ t !/r 5A12~F/2!@cos~mp/N!1~21!mI T~ t !/I T0#, ~17!

(N1m)p<v0t,(N1m11)p, m50,1,...,N/221. For 3T/4<t,T,

a~ t !/r 55A12
F

2
FsinS mp

N
D 1~21!m11I T~ t !/I T0G , ~21!m11I T~ t !/I T0,sinS mp

N
D ,

A12
F

2
FsinS ~m11!p

N
D 1~21!m11I T~ t !/I T0G , otherwise,

~18!
t to AIP copyright, see http://ojps.aip.org/japo/japcr.jsp
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(3N/21m)p<v0t,(3N/21m11)p, m50,1,...,N/221.
Using these expressions to calculateda/dt, we obtain

V~ t !52
m0I T0

4p
~v1 sin~v1t !1v2 sin~v2t !!

3F lnS R

r D2 lnS a~ t !

r D G . ~19!

The first term within the brackets is a linear inductive r
sponse and is proportional to the geometric reactance
unit lengthX0 ,

X05
m0v0

2p
lnS R

r D . ~20!

The second term arises from the hysteretic behavior
leads to nonlinearities.

A similar analysis can be applied to the strip geomet
Let the position of the moving front be given bya(t) ~see
Fig. 3!. The voltage drop per unit length is given by

V~ t !5
d

dt F2E
0

R

dxBz~x,t !G
5

da

dt F2E
0

R

dx
]

]a
Bz~x,a!G , ~21!

whereBz is the normal component of the magnetic field
the x2y plane a distancex from the center of the strip. The
magnitude of the partial derivative ofBz is given by

U ]

]a
Bz~x,a!U5H 0, x,a,

Bf

2a

A~W22a2!~x22a2!
, x.a ,

~22!
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where the scaling fieldBf is given by16

Bf5
m0Jcd

p
, ~23!

and the sign is the same as the sign of the current densi
the regiona,x,W. The magnitude ofV(t) is

uV~ t !u522Bfa
da

dt

1

AW22a2
lnS R1AR22a2

a D , ~24!

and the sign is the same as the sign of the current densi
the regiona,x,W.

The period is divided and subdivided in the same way
for the circular geometry. The expression fora(t) during the
first interval 0<t,T/4 is given by

FIG. 3. Cross section of the center conductor for the strip geometry.
flux densityBz changes only in the outer regionsa,uxu,W. The region
uxu,a0 is completely screened withBz50.
a~ t !/W5A12~F2/4!@cos~mp/N!1~21!m11I T~ t !/I T0#2, ~25!

mp<v0t,(m11)p, m50,1,...,N/221. ForT/4<t,T/2,

a~ t !/W55A12
F2

4
FsinS mp

N
D 1~21!mI T~ t !/I T0G2

, ~21!mI T~ t !/I T0,sinS mp

N
D ,

A12
F2

4
FsinS ~m11!p

N
D 1~21!mI T~ t !/I T0G2

, otherwise,

~26!

(N/21m)p<v0t,(N/21m11)p, m50,1,...,N/221. ForT/2<t,3T/4,

a~ t !/W5A12~F2/4!@cos~mp/N!1~21!mI T~ t !/I T0#2, ~27!

(N/21m)p<v0t,(N1m11)p, m50,1,...,N/221. For 3T/4<t,T,

a~ t !/W55A12
F2

4
FsinS mp

N
D 1~21!m11I T~ t !/I T0G2

, ~21!m11I T~ t !/I T0,sinS mp

N
D ,

A12
F2

4
FsinS ~m11!p

N
D 1~21!m11I T~ t !/I T0G2

, otherwise,

~28!
t to AIP copyright, see http://ojps.aip.org/japo/japcr.jsp
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(3N/21m)p<v0t,(3N/21m11)p, m50,1,...,N/221.
Using these expressions to calculateda/dt, we obtain

V~ t !52
m0I T0

4p
@v1 sin~v1t !1v2 sin~v2t !#

3 lnS R1AR22a2

a D . ~29!

If we expand around largeR, the result is

V~ t !52
m0I T0

4p
@v1 sin~v1t !1v2 sin~v2t !#

3F lnS 2R

W D2 lnS a~ t !

W D1OS W2

R2 D G . ~30!

The first term is proportional to the geometric reactance
unit length

X0.
m0v0

2p
lnS 2R

W D . ~31!

The second term arises from the hyteretic behavior and le
to nonlinearities. The third term leads to small correctio
and will be neglected.

Resonators have a finite length. Therefore, if we wan
apply our results to a resonator we must assume that
fringing effects due to the ends of the resonator can be
glected, and we must multiply our expression forV(t) by the

FIG. 4. Pout vs Pin for a resonator, with either circular~top! or strip~bottom!
center conductor, at frequenciesv1 and 2v12v2 . The parameter values
used wereZ0550V, f 05v0/2p51.6 GHz, l 53 cm, W or a575mm, d
50.3mm, andJc5106 A/cm2. It was assumed that the dielectric consta
characterizing the region between the conductors ise510.
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resonator lengthl to make it dimensionally correct. In a
typical experiment a current given by Eq.~1! is established
in the center conductor. The input power is the same for b
frequencies.2 The output voltage signal is analyzed to dete
mine the distribution of power among the various freque
cies inside the resonator. The amount of output power a
given frequency can then be plotted versus the input po
to determine the degree of nonlinearity present. The rela
between the time-averaged available incident powerPinc and
the peak currentI T0 was derived previously,17

I T05A8r v~12r v!QPinc

pZ0
, ~32!

whereQ is the unloaded quality factor andZ0 is the charac-
teristic impedance of the line. The relation between the tim
averaged output powerPout and Pinc is given by Pout

5r v
2Pinc , wherer v is the voltage insertion ratio. In terms o

S parameters,r v5uS21u. This is a power-dependent quantit
which is nearly proportional toQ at intermediate powers.17

The insertion loss~IL ! is given by IL5220 log10 r v dB.
The output power is distributed among the various frequ
cies present in the voltage signal. The power spectrum
frequencynDv is proportional toRn

21Xn
2. The amount of

output power at frequencynDv @Pout(nDv)# is given by the
product of the time-averaged output power and the fract
of power stored at that frequency,

Pout~nDv!5Pout3S Rn
21Xn

2

(n851
`

~Rn8
2

1Xn8
2

!D . ~33!

Figure 4 shows plots ofPout(v1) andPout(2v12v2) vs Pinc

for both the circular and strip geometries. The parame
chosen wereZ0550V, f 05v0/2p51.6 GHz, l 53 cm, W
or a575mm, d50.3mm, andJc5106 A/cm2. At low inci-
dent powers, the slope ofPout(v1) vs Pinc is equal to one for
both geometries and the slope ofPout(2v12v2) is equal to
two for the circular geometry and three for the strip geo
etry. At intermediate incident powers, the slope ofPout(v1)
becomes equal to 1/2 for the circular geometry and 1/3
the strip geometry, while the slope ofPout(2v12v2) is
equal to one for both geometries. The change in slope
tween the low and intermediate power regions is obser
experimentally.18,19 The third-order intercept~TOI! is equal
to 29.0 dBm for the circular geometry and 18.0 dBm for t
strip geometry.

III. CONCLUSION

We have presented a critical-state model for intermo
lation distortion in a superconducting coaxial-type transm
sion line. This model can be applied to a superconduct
microwave resonator if end effects are neglected. Ce
conductors of both circular and thin-film cross section we
treated. The results presented should be of relevance to
periments dealing with the design and testing of superc
ducting microwave devices.
t to AIP copyright, see http://ojps.aip.org/japo/japcr.jsp
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